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This investigation is concerned with a mathematical analysis of an elastic circular cylindrical pile embed-
ded in a transversely isotropic half-space under lateral dynamic excitations. A combination of time-har-
monic horizontal shear force and moment are applied at the top end of the pile. The boundary value
problem is formulated by decomposing the pile-medium system into a ﬁctitious pile and an extended
transversely isotropic half-space. A Fredholm integral equation of the second kind governs the interaction
problem, whose solution is then computed numerically. Selected results for dynamic compliance bending
moment, displacement and slope proﬁles are presented for different transversely isotropic half-spaces to
portray the inﬂuence of degree of anisotropy of the medium on various aspects of the solution.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The mechanical response of anisotropic materials under differ-
ent external and internal loads has attracted increasing attention
in recent years, chieﬂy because of the limitations in using isotropic
theories to dealing with man-made materials such as composites
and natural materials such as deposit soils and rocks. The study
of load transfer in transversely isotropic media is one of the prom-
inent research areas in this category, with relevance to a variety of
subjects such as geomechanics and material science. On the analyt-
ical approaches for the solid mechanics boundary value problems,
researchers have begun to address the inﬂuence of degrees of
anisotropy. For instance, in the context of rigid inclusion and crack
problems, Selvadurai (1980) investigated the asymmetric static
deformation of an inﬁnite transversely isotropic medium contain-
ing a rigid disc as inclusion. The corresponding cases of an elliptical
inclusion, penny-shaped cracks have also been examined as in
Selvadurai (1984), and Rahman (1999, 2002). The problem of a cir-
cular cylindrical inclusion in a transversely isotropic solid was also
investigated by Hasegawa and Kisaki (2003). On the dynamic
counterpart of the foregoing class of problems, Hanson and Puja
(1997) and later Rahimian et al. (2006) studied a transversely
isotropic half-space subjected to a forced constant amplitude
torsional motion of a rigid circular disc bonded to the surface of
the medium. The interaction problem of a rigid embedded discunder either static or time-harmonic loads in a transversely isotro-
pic medium was studied in Katebi et al. (2008), Eskandari-Ghadi
and Ardeshir-Behrestaghi (2010) and Eskandari-Ghadi et al.
(2010, 2011, 2013) for different boundary conditions. Eskandari-
Ghadi et al. (2013) have made a detailed analytical investigation
for a circular crack buried in a transversely isotropic half-space
subjected to mono-harmonic force in the ﬁrst mode. They have
degenerated their solution for a static case, and for a full-space
in dynamic case. In the ﬁeld of soil-structure interaction involving
transversely isotropic media, several attempts have also been
made. For instance, dynamic solutions for the displacement of a
transversely isotropic stratiﬁed medium with a rigid base were
reported byWaas et al. (1985). Wang and Rajapakse (2000) applied
a boundary element method to study the dynamic response of rigid
cylindrical and hemispherical foundations in transversely isotropic
half-space. The same problem was later pursued by means of an
approximate regularized indirect BEM by Barros (2003). Following
the approach, Barros (2004) considered the soil–pile interaction
problem in a transversely isotropic medium by replacing the pile
as a series of one dimensional beam elements, while the soil
response was formulated in an integral sense analogous to an indi-
rect boundary element method. In his deﬁnition of soil’s inﬂuence
functions, ﬁctitious force distributions over a cylindrical surface
element were assumed to be constant depthwise in the vertical
direction with a sinusoidal variation in the angular direction, and
the coupling between the FEM and BEM models was enforced at
the midpoint of the beam elements. As a result of the dissimilar
discretization and representation of the pile and the soil, however,
Fig. 1. Geometry of pile and embedding medium.
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and the soil over the length of the embedment. Recently, Amiri-
Hezaveh et al. (2013) have found the impedance functions in any
direction for a rectangular rigid foundation bonded on a multi-lay-
ered transversely isotropic half-space, where they have analyti-
cally separated the effects of SH-wave from both P- and SV-waves.
Since the soil has to be considered as a three-dimensional con-
tinuous domain and the pile has to be treated at a minimum as a
one–dimensional structural medium, rigorous analysis of soil–pile
interaction has been difﬁcult to achieve in applied mechanics. With
the increasing recognition that the isotropic assumption for the
soil may not be compatible with the conditions of many natural
deposits as well, there is a need to address this class of load-trans-
fer problems in the context of an anisotropic medium as well. By
means of a variational boundary integral equation statement, for
example, Rajapakse (1988,) suggested an approximate scheme to
tackle a related bar-soil interaction problem, which was general-
ized in Rajapakse and Wang (1990) to account for some static load
conditions. By assembling dynamic stiffness matrices of a discret-
ized soil, Liu and Novak (1994) and later, Tiesheng (1997) pre-
sented a ﬁnite element model for the interaction problem of a
pile and a transversely isotropic layered medium. Considering
the transverse isotropy of the soil, an analytical method for tran-
sient torsional dynamic response of a pile embedded in a saturated
medium was given by Chen et al. (2007). Wang et al. (2009) also
considered an analogous study for an end-bearing pile.
Allowing more rigorous treatment of cylindrical embedments in
the framework of classical elastostatics, Muki and Sternberg (1969,
1970) developed the idea of using an extended half-space with a
one-dimensional ﬁctitious reinforcement as an approximate repre-
sentation of an axially-loaded cylindrical pile of ﬁnite or inﬁnite
length that is bonded to a hole in the medium. Extending the con-
cept to the lateral pile problem involving an arbitrary combination
of lateral horizontal forcing, shear force and bending moment in
both static and dynamic conditions, Pak and Jennings (1987) and
Pak (1989) showed that the asymmetric soil–pile interaction prob-
lem can be reduced to a compact Fredholm integral equation of the
second kind. While exact formulations have since been developed
in Pak and Ji (1993) and Abedzadeh and Pak (2004), the simplicity
of Muki and Sternberg’s extended half-space concept has attracted
numerous followings for the isotropic solid or porous media (e.g.,
Apirathvorakij and Karasudhi, 1980; Flowler and Sinclair, 1978;
Karasudhi et al., 1984; Rajapakse and Shah, 1987; Rajapakse and
Shah, 1987; Selvadurai and Rajapakse, 1987; Zeng and Rajapakse,
1999). Among these studies, various attempts have also been made
to improve the model. For instance, Rajapakse and Shah (1987,) and
Pak (1989) adopt non-uniform body-force ﬁelds to modify the dis-
placement compatibility of the ﬁctitious reinforcement and the
extended half-space. Using the ﬁctitious bar-extended half-space
model, Lagrange’s equation concept and a set of exponentially
decaying functions with respect to depth, Rajapakse and Shah
(1987,) presented a numerical scheme for the boundary value prob-
lem. Comparing the results with prior discretization methods used
by Sen et al. (1985) and Flowler and Sinclair (1978), Rajapakse and
Shah (1987) stated that the foregoing methods do not properly
account for inertia component of the bar-half space system. This
deﬁciency is considered due to two major points: (1) The fact that
the mass density cannot be negative. If the mass density is negative
then the inherent mathematical properties of the equations of
motion is lost; (2) The displacement incompatibility of the ﬁctitious
bar and the extended half-space. However, in their development,
Rajapakse and Shah (1987,) modiﬁed the technique by assuming
a non-uniform body force ﬁeld acting on the extended half-space.
Rajapakse and Shah (1987,) also introduced frequency ranges for
each loading case wherein the use of ﬁctitious bar-extended
half-space model yields results with reasonable accuracy.Aimed to provide a reference solution to the dynamic laterally-
loaded pile problem in a transversely isotropic half-space, this
paper is concerned with the development of a rigorous mathemat-
ical solution in the spirit of the extended medium approach. Fol-
lowing the compact and elegant formulation of Pak and Jennings
(1987) and Pak (1989), a set of inﬂuence functions corresponding
to a buried time-harmonic horizontal body-force ﬁeld which can
represent more closely the high sectional rigidity of a pile is
employed to represent the soil reaction from low-frequency pile
motions. The problem is mathematically reduced to one unknown
that is governed by a single Fredholm integral equation of the
second kind, thereby maximizing analytical consistency while
minimizing multivariate discretization errors in many past numer-
ical studies. Selective numerical results are presented and
discussed to illustrate the material anisotropy effects on different
aspects of the lateral dynamic soil–pile interaction problem,
including the frequency-dependent pile-head compliance
functions which are of most common engineering interest. As a
veriﬁcation of the solution, the results are degenerated for the sta-
tic case and compared with the existing solutions for isotropic
materials as in Pak and Jennings (1987) and Pak (1989).2. Mathematical formulation
A mathematical formulation is proceeded in this section for the
dynamic interaction problem. Following the procedure by Pak and
Jennings (1987), we introduce fo; x1; x2; x3g as a rectangular Carte-
sian coordinate frame which spans 3D-space E with the unit based
vectors~e1;~e2 and~e3. In this investigation, a circular cylindrical elas-
tic pile P of length l and radius a, which is partially embedded in a
transversely isotropic half-space is under consideration (Fig. 1).
The isotropic planes of the embedding medium are parallel to
x1  x2 plane with Young’s modulus E and Poisson’s ratio m, and
the elastic coefﬁcients in any plane parallel to the x3direction,
which is perpendicular to the isotropic planes are denoted by
E0; m0 and G0, where G0 is the shear modulus. In addition, the longi-
tudinal centroidal axis of the pile is considered to be coincident
with x3axis and a combination of time-harmonic lateral force
~V ¼ V0eixt~e1 and bending moment ~M ¼ M0eixtð~e2Þwith frequency
x are acting in the x1  x3 plane at the top end of the pile.
By the foregoing description, the half-space can be denoted as
H ¼ f~xj~x 2 E; x3 > 0g, the pile region occupied by the pile as
D ¼ f~xj~x 2 E; x21 þ x22 < a2;0 < x3 < lg and the open cross section of
the pile located at the depth x3 ¼ s as Ps ¼ f~xj~x 2 D; x3 ¼ s < lg.
In the present treatment, as in Pak and Jennings (1987) and also
Fig. 3. Interaction problem forces.
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be relatively small compared to the length of embedment
ða=l 1Þ. Therefore, it can be regarded as a one-dimensional elas-
tic beam and by restricting ourselves to the case of a pile excited in
the low frequency range, the Euler–Bernoulli bending beam theory
is appropriate to adopt. Besides, it follows that the pile-medium
system is decomposed into an extended transversely isotropic
half-space and a ﬁctitious elastic pile P commonly called
reinforcement. The extended half-space has the same material
properties as the embedding medium, and to account the presence
of the pile with actual elastic properties, the reinforcement P is
introduced throughout D such that the ‘‘composite solid’’
occupying D has the same material properties as the pile (see
Fig. 2). Thus, the modulus of elasticity and the mass density of P
are assigned to be:
E ¼ Ep  E0 > 0 ð1Þ
q ¼ qp  qP 0 ð2Þ
where q is the mass density of the medium and the subscript p is
designated to show the correspondence to the pile.
Using Euler–Bernoulli bending beam theory for the reinforce-
ment pile and omitting the time factor eixt from all expressions
for brevity, one can write:
EI
d2u
dz2
ðzÞ ¼ MðzÞ ð3Þ
dM
dz
ðzÞ ¼ VðzÞ ð4Þ
and the steady state dynamic equation of motion is:
qpa
2x2uðzÞ þ dVdz ðzÞ ¼ wðzÞ ð5Þ
where the asterisk denotes the correspondence to the reinforce-
ment and uðzÞ is the lateral displacement. Considering the vertical
shear stress acting on the circumferential surface of the pile to be
secondary in a lateral-load problem, the main interaction forces
between the extended medium and the reinforcement pile is
summarized in Fig. 3.
With the assumption of a slender pile with small rotation of
the cross section, the effects of direct moment transfer can be
neglected, it follows that
MðlÞ ¼ 0 ð6Þ
Mð0Þ Mð0þÞ ¼ 0 ð7ÞFig. 2. Decomposition of pile and trLet uið~xÞ be the Cartesian components of the ﬁeld of displace-
ment induced in the extended semi-inﬁnite embedding medium
by the interaction forces. To represent uið~xÞ due to the forces from
the pile, it is useful to deﬁne an inﬂuence ﬁeld ~uið~x; sÞ ði ¼ 1;2;3Þ as
the displacement ﬁeld at the point ~x of the semi-inﬁnite medium
due to an effective body-force distribution with unit resultant in
the x1direction over the disk Ps (see Fig. 4). With the aid of
~uið~x; sÞ, the time-independent part of the displacement at any point
in the half-space can be expressed as
uiðxÞ¼ ½V0Vð0þÞ~uiðx;0ÞþVðlÞ~uiðx; lÞ
Z l
0
wðsÞ~u1ðx;sÞds ð8Þ
where ½V0  Vð0þÞ and VðlÞ are the direct shear transfers to the
half-space from the reinforcement pile at P0 and Pl, respectively.
Along the centroidal axis in particular, it gives
u1ðx3Þ ¼ ½V0  Vð0þÞ~u1ðx3;0Þ þ VðlÞ~u1ðx3; lÞ

Z l
0
wðsÞ~u1ðx3; sÞds; x3 P 0: ð9Þ
To simulate the physical requirement of displacement compat-
ibility between the pile and the half-space in bonded contact, it is
convenient to adopt the requirement that the lateral displacement
of the centerline of the reinforcement ﬁctitious pile P be equal to
that of the corresponding axis in the half-space over its length of
embedment. Accordingly, the primary governing equation for the
dynamic pile-medium interaction problem can be written as:ansversely isotropic half-space.
Fig. 4. Deﬁnition for inﬂuence ﬁeld.
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
Z l
0
wðsÞ~u1ðz; sÞds; 0 6 z 6 l: ð10Þ
Substituting for wðsÞ from Eq. (5) into Eq. (10) and integrating
the integral by parts with proper account of discontinuity of the
integrand and invoking Eq. (6) and Eq. (7) we arrive at:
uðzÞ¼V0~u1ðz;0ÞM0d
~u1ðz;0Þ
ds
MðzÞ d
~u1ðz;sÞ
ds
 s¼zþ
s¼z

Z l
0
MðsÞd
2~u1ðz;sÞ
ds2
dsþqpa2x2
Z l
0
uðsÞ~u1ðz;sÞds; 06 z6 l ð11Þ
Representing uðzÞ as:
uðzÞ ¼ 
Z l
0
Nðz; sÞMðsÞdsþ uð0Þ 1 zl
 
þ uðlÞ zl
 
ð12Þ
where:
Nðz; sÞ ¼ 1
EI
1 zl
 
s; s 6 z
1 sl
 
z; s > z
(
ð13Þ
the problem under consideration can be reduced to a Fredholm
integral equation of the second kind for MðzÞ as:
AðzÞMðzÞ þ BðzÞuð0Þ þ CðzÞuðlÞ þ
Z l
0
Kðz; sÞMðsÞds
¼ V0~u1ðz;0Þ M0 d
~u1ðz; 0Þ
ds
ð14Þ
where
AðzÞ ¼ @~u1ðz; sÞ
@s
 s¼zþ
s¼z
BðzÞ ¼ 1 z
l
 
 qpa2x2
Z l
0
1 s
l
 
~u1ðz; sÞds
CðzÞ ¼ z
l
 
 qpa2x2
Z l
0
s
l
 
~u1ðz; sÞds
Kðz; sÞ ¼ @
2~u1ðz; sÞ
@s2
 Nðz; sÞ þ qpa2x2
Z l
0
Nðt; sÞ~u1ðz; tÞdt
ð15Þ
Moreover, for convenience of presentation, the governing inte-
gral equation (Eq. 14) can be expressed in dimensionless form with
the help of the following deﬁnitions:x ¼ xa
ﬃﬃﬃﬃﬃﬃ
q
c44
r
; z ¼ z
a
; s ¼ s
a
; t ¼ t
a
~u1ðz;sÞ ¼ 4c44pa~u1ðz; sÞ
ð16Þ
MðzÞ ¼ MðzÞ4c44pa3 ;
M0 ¼ M04c44pa3 ;
V0 ¼ V04c44pa2 ;
uðzÞ
¼ uðzÞ
a
: ð17Þ
Eq. (14), in terms of these parameters, can be written as:
AðzÞ MðzÞ þ BðzÞuð0Þ þ CðzÞuðlÞ þ
Z l
0
Kðz;sÞ MðsÞds
¼ V0~u1ðz;0Þ  M0 @
~u1ðz;0Þ
@s
ð18Þ
where:
AðzÞ ¼ 4c44pa2AðzÞ
BðzÞ ¼ 1 zl
	 

 q
q
x2
4
Z l
0
1 sl
	 

~u1ðz;sÞds
CðzÞ ¼ zl
	 

 q
q
x2
4
Z l
0
s
l
	 

~u1ðz;sÞds
Kðz;sÞ ¼ 4c44pa3Kðz; sÞ
Nðz;sÞ ¼
ð1 zlÞs; s 6 z
ð1 slÞz; s > z
(
ð19Þ
The solution of Eq. (18) supplies the bending moment MðzÞ and
the top and bottom displacements (uð0Þ and uðlÞÞ, by which all
other response aspects of the system can be determined.
3. Integral forms of inﬂuence ﬁelds
To achieve the most physical representation of the pile problem
in the current analytical framework, the choice of the inﬂuence
function in Eq. (8) for representing the reaction forces from the pile
on the transversely isotropic half-space is the most crucial. ~uið~x; sÞ
has appeal of simplicity and been used in other studies, it will yield
a non-uniform horizontal displacement which peaks at the center-
line over the disc region, leading to an overestimation of the pile
displacement. As a pile’s cross section is typically composed of
much stiffer materials relative to that of the soil, the classical bur-
ied rigid-disc force distribution on Ps is thus adopted as in Pak
(1989) to deﬁne ~uið~x; sÞ in this treatment for its higher consistency
with the mechanics and physics of the pile problem. With a cylin-
drical coordinate system ðr; h; zÞ whose zaxis is the line of mate-
rial symmetry and the half-line ðh ¼ 0; r P 0Þ coincides with the
x1axis of the transversely isotropic half-space, one may write
ur ;uh and uz as the displacement components in the r; h and
zdirections, respectively. Using the method of potentials intro-
duced in Eskandari-Ghadi (2005) a speciﬁc reduction of the general
solutions by Rahimian et al. (2007) and Khojasteh et al. (2008) is
implemented. Khojasteh et al. (2008) is an advance in the earlier
fundamental treatment by Rajapakse and Wang (1993) that con-
cerns the derivation of time-harmonic Green’s functions for a
transversely isotropic half-space. The method entails representing
the solutions of the time-harmonic equations of motion for an elas-
tic homogenous transversely isotropic medium in terms of two
complete potential functions in circular cylindrical coordinates
(see Khojasteh et al., 2008).
To obtain the dynamic inﬂuence solution of interest, the
traction-free surface at z ¼ 0, the wave-radiation/regularity
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eral distributed body-force ﬁeld acting in the x1direction onPs in
the form of
rzrðr; h; sÞ  rzrðr; h; sþÞ ¼
1
2pa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p cos h; r < a
0 ; r P a
(
rzhðr; h; sÞ  rzhðr; h; sþÞ ¼
 1
2pa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p sin h; r < a
0 ; r P a
( ð20Þ
must be observed. The foregoing distribution is associated with the
response of lateral interaction of a rigid disc buried in isotropic and
transversely isotropic media (Pak and Saphores, 1992; Moghaddasi
et al., 2012). It is intended as an improved ﬁrst order approximation
of the load transfer process over the commonly employed uniform
body-force distribution with the purpose of minimizing the latter’s
accompanying overestimation of the pile-induced soil displacement
along the centroidal axis. On the assumption that the stresses and
displacements are continuous throughout the medium except for
those speciﬁed in Eq. (20), it can be shown that with the aid of
Hankel integral transforms and the foregoing method of potentials,
the requisite dimensionless inﬂuence functions ~u1ðz;sÞ; @~u1ðz;sÞ=@s
and @2~u1ðz;sÞ=@s2 can be derived as:
~u1ðz;sÞ ¼ 12
Z 1
0
c1ðz;s; sÞ½ þc2ðz;s; sÞ sinð xsÞds ð21Þ
@~u1ðz;sÞ
@s
¼ 1
2
Z 1
0
c01ðz;s; sÞ
 þc02ðz;s; sÞ sinð xsÞds ð22Þ
@2~u1ðz;sÞ
@s2
¼ 1
2
Z 1
0
c001ðz;s; sÞ
 þc002ðz;s; sÞ sinð xsÞds ð23Þ
where:
c1ðz;s; sÞ ¼
k1 #2
g1k22  g2k21
e xk1 zsj j 
k2 #1
g1k22  g2k21
e xk2 zsj j

k1 #2Iþ
ðg1k22  g2k21ÞI
e xk1ðzþsÞ

k2 #1Iþ
ðg1k22  g2k21ÞI
e xk2ðzþsÞ
þ 2
k1 #1g2m2
ðg1k22  g2k21ÞI
e xðk1zþk2sÞ
þ 2
k2 #2g1m1
ðg1k22  g2k21ÞI
e xðk2zþk1sÞ ð24Þ
c2ðz;s; sÞ ¼ 1k3
e xk3 zsj j þ 1k3
e xk3ðzþsÞ ð25Þ
c01ðz;s;sÞ¼ x sgn szj j
k21 #2
g1k22 g2k21
e xk1 zsj j
	
 sgn szj j
k22 #1
g1k22 g2k21
e xk2 zsj j

k21 #2
Iþ
ðg1k22 g2k21ÞI
e xk1ðzþsÞ

k22 #1
Iþ
ðg1k22 g2k21ÞI
e xk2ðzþsÞ
þ 2
k1k2 #1g2m2
ðg1k22 g2k21ÞI
e xðk1zþk2sÞþ 2
k2k1 #2g1m1
ðg1k22 g2k21ÞI
e xðk2zþk1sÞ
!
ð26Þc02ðz;s; sÞ ¼  x sgn s zj je x
k3 zsj j þ e xk3ðzþsÞ
 
ð27Þ
c001ðz;s;sÞ¼ x2
k31 #2
g1k22 g2k21
e xk1 zsj j
	

k32 #1
g1k22 g2k21
e xk2 zsj j

k31 #2
Iþ
ðg1k22 g2k21ÞI
e xk1ðzþsÞ

k32 #1
Iþ
ðg1k22 g2k21ÞI
e xk2ðzþsÞ
þ 2
k1k22 #1g2m2
ðg1k22 g2k21ÞI
e xðk1zþk2sÞþ 2
k2k21 #2g1m1
ðg1k22 g2k21ÞI
e xðk2zþk1sÞ
!
ð28Þ
c002ðz;s; sÞ ¼ x2 k3e x
k3 zsj j þ k3e xk3ðzþsÞ
 
ð29Þ
and:
k1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
as2 þ bþ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cs4 þ ds2 þ e
pr
k2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
as2 þ b 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cs4 þ ds2 þ e
pr
k3 ¼ s0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ c44ðc11c122 Þ
s ð30Þ
gi ¼ ða3  a2Þki þ s2ð1þ a1Þ  c44½ðc11  c22Þ=2i
;
#i ¼ a3k2i  gi; mi ¼ ðgi  a3
c13
c33
s2  a3k2i Þki i ¼ 1;2:
I ¼ g2m1  g1m2 ð32Þ
a ¼ 1
2
ðs21 þ s22Þ; b ¼ 
1
2
c44
c33
þ 1
	 

;
c ¼ s22  s21; d ¼ 2
c44
c33
þ 1
	 

ðs21 þ s22Þ  2
c11
c33
c44
c11
þ c11
c33
	 
 
;
e ¼ c44
c33
 1
	 
2
; ð33Þ
and s20 ¼ 1=a2. s1 and s2 are the roots of following equation (see
Lekhnitskii, 1963; Eubanks and Sternberg, 1954):
c33c44s4 þ ðc213 þ 2c13c44  c11c33Þs2 þ c11c44 ¼ 0: ð34Þ
c11; c12; c13; c33 and c44 in theses equations are the elasticity
constants of the extended transversely isotropic half-space, which
can be written in terms of E; m; E0; m0 and G0 as:c11 ¼
Eð1 EE0 m02Þ
ð1þ mÞð1 m 2 EE0 m02Þ
; c12 ¼ c11  E1þ m ; c13
¼ Em
0
1 m 2 EE0 m02
; c33 ¼ E
0ð1 mÞ
1 m 2 EE0 m02
; c44 ¼ G0: ð35Þ
On taking the frequency x! 0, the foregoing inﬂuence func-
tion can be reduced to ~u1sðz;sÞ for the static case as
~u1sðz;sÞ ¼ 12
Z 1
0
c1sðz;s; sÞ½ þc2sðz;s; sÞ sinðsÞds ð36Þ
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c1sðz;s; sÞ ¼
k1s #2s
g1sk22s  g2sk21s
ek1s zsj j 
k2s #1s
g1sk22s  g2sk21s
ek2s zsj j

k1s #2sI
þ
s
ðg1sk22s  g2sk21s ÞIs
ek1s ðzþsÞ

k2s #1sI
þ
s
ðg1sk22s  g2sk21s ÞIs
ek2s ðzþsÞ
þ 2
k1s #1s g2sm2s
ðg1sk22s  g2sk21s ÞIs
eð
k1szþk2ssÞ
þ 2
k2s #2s g1sm1s
ðg1sk22  g2sk21s ÞIs
eðk2s zþk1ssÞ; ð37Þ
c2sðz;s; sÞ ¼ 1k3s
ek3s zsj j þ 1k3s
ek3s ðzþsÞ ð38Þ
and:
k1s ¼ s1s; k2s ¼ s2s; k3s ¼ s0s; gis
¼ a3  a2ð Þk2is þ s2ð1þ a1Þ; #is ¼ a3k2is  gis ; mis
¼ gis  a3
c13
c33
s2  a3k2is
	 

kis ; i ¼ 1;2 ð39Þ
Is ¼ g2sm1s  g1sm2s : ð40Þ
It is noteworthy that the integral involved in Eq. (36) for the sta-
tic case can all be computed analytically in closed form as in the
isotropic case. Accordingly, one ﬁnds:
~u1sðz;sÞ¼12
1
s0
tan1
1
s0ðzþsÞ
	 

þ tan1 1
s0 zsj j
	 
 
þ 1ðs21 s22Þð1þa1Þ
s1d2 tan1
1
s1 zsj j
	 

 s2d1 tan1 1s2 zsj j
	 
 
 1
ðs1 s2Þ2ð1þa1Þ
q1
q2
	 

s1d2 tan1
1
s1ðzþsÞ
	 

þ s2d1 tan1 1s2ðzþsÞ
	 
 
þ 2s1s2
ðs1 s2Þ2ðs1þ s2Þð1þa1Þq2
d1 d2c13c33a3
	 

ðd2þ s22a3Þtan1
1
s1zþ s2sÞ
	 

þd2 d1 c13c33a3
	 

ðd1þ s21a3Þtan1
1
s2zþ s1sÞ
	 

ð41Þ(a) (b
Fig. 5. Response under unit shear force (V0 ¼ 1; x ¼ 0:2;l ¼ 50; q ¼ 1:7;G=G0 ¼ 1;2where:
q1 ¼ d1d2 þ s1s2 
c13
c33
	 

ð1þ a1  s1s2a2Þa3  c13c33 s1s2a
2
3
q2 ¼ d1d2  s1s2 þ
c13
c33
	 

ð1þ a1 þ s1s2a2Þa3 þ c13c33 s1s2a
2
3
ð42Þ
d1 ¼ 1þ a1  s21a2
d2 ¼ 1þ a1  s22a2
ð43Þ
Letting ðs1; s2; s0Þ ! ð1;1;1Þ as it is in isotropic material, and
performing the limiting process, Eq. (41) can be reduced to:
~u1sðIsoÞðz;sÞ ¼ 18ð1 mÞ  ð7 8mÞ tan
1 1
z sj j
	 

þ ð9 16mþ 8m2Þ tan1 1
zþ s
	 

 z sj j
1þ ðz sÞ2
 ð3 4mÞ zþ s
1þ ðzþ sÞ2
þ 4zsðzþ sÞ
ð1þ ðzþ sÞ2Þ2
)
ð44Þ
for the canonical case of isotropy, which is exactly the same as
Pak (1989). In Eq. (44), m is the Poisson’s ratio of the isotropic
medium.
By virtue of Eq. (41) the derivatives of ~u1sðz;sÞ can also be eval-
uated in closed form for the static case. On the other hand, for the
dynamic treatment a numerical procedure composed of contour
integration theorem and asymptotic decomposition as described
in Pak (1985), Pak and Jennings (1987) is used to evaluate the
inﬂuence functions’ integrals (Eqs. (21)–(23)) accurately for all
z;s and x.
4. Numerical results and discussion
The regular Fredholm integral equation (Eq. 18) can be solved
numerically by the following procedure. The integration interval
½0;l is subdivided into n elements and MðzÞ is approximated by
a continuous linear function at each subdivision. This method
requires that Eq. (18) holds at the nodal points of each element.
Therefore, it will be reduced to a set of linear simultaneous equa-
tions for the nodal ﬁctitious pile bending moment at each element
and the top and bottom displacements as unknowns:) (c)
;3;5Þ (a) Bending moment Proﬁle; (b) Displacement Proﬁle; (c) Slope proﬁle.
(a) (b) (c)
Fig. 6. Response under unit shear force (V0 ¼ 1; x ¼ 0:2;l ¼ 50; q ¼ 1:7; E=E0 ¼ 1;2;3;5Þ (a) Bending moment Proﬁle; (b) Displacement Proﬁle; (c) Slope proﬁle.
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Xn
j¼1
MðzjÞ

Z l
0
Kðzk;sÞ/jðsÞds
¼ V0~u1ðzk;0Þ  M0 @
~u1ðzk; 0Þ
@s
; k ¼ 1; . . . ; n ð45Þ
where
/1ðzÞ ¼
z2z
z2z1 ;
z 2 0;z2½ 
0; z R 0;z2½ 
(
ð46Þ
/jðzÞ ¼
zzj1
zjzj1 ;
z 2 zj1;zj
 
zjþ1z
zjþ1zj ;
z 2 zj;zjþ1
 
0; z R zj1;zjþ1
 
8>><
>>:
ð47Þ(a) (b)
Fig. 7. Response under unit bending moment ( M0 ¼ 1; x ¼ 0:2;l ¼ 50; q ¼ 1:7;G=G0 ¼/nðzÞ ¼
zzn
znzn1 ;
z 2 zn1;zn½ 
0; z R zn1;zn½ 
(
ð48Þ
where /jðzÞ is the shape function with the property that /jðziÞ ¼ dji,
knowing that dji is the Kronecker delta. Considering the localized
nature of Kðz;sÞ, the integral part of the algebraic Eqs. (45) can be
obtained by employing a numerical quadrature method, e.g. Gauss-
ian quadrature. The method has the advantage of achieving the
desired accuracy by sampling the rapidly varying function K at
more locations than just the nodal points of M. Note that in stan-
dard quadrature methods only the nodal values of K are computed
and since the solution error depends on the error in evaluation of
the integral part of the equation, a vast number of nodal points
are needed for the solution to converge. To obtain the best perfor-
mance of the outlined scheme, the nodal points should be distrib-
uted in such a way that the characteristics of the inhomogeneous
terms and kernel function of the integral equation are represented(c)
1;2;3;5Þ (a) Bending moment Proﬁle; (b) Displacement Proﬁle; (c) Slope proﬁle.
(a) (b) (c)
Fig. 8. Response under unit bending moment ( M0 ¼ 1; x ¼ 0:2;l ¼ 50; q ¼ 1:7; E=E0 ¼ 1;2;3;5Þ (a) Bending moment Proﬁle; (b) Displacement Proﬁle; (c) Slope proﬁle.
Table 1
Properties of synthetic materials.
Material E=E0 G=G0 c11ð104MpaÞ c12ð104MpaÞ c13ð104MpaÞ c33ð104MpaÞ c44ð104MpaÞ
Material 1 (Isotropic) 1 1 6 2 2 6 2
Material 2 1 2 6 2 2 6 1
Material 3 1 3 6 2 2 6 0.7
Material 4 1 5 6 2 2 6 0.4
Material 5 2 1 14 6 5 7.5 2
Material 6 3 1 26 14 10 10 2
Material 7 5 1 110 90 50 30 2
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end where the inhomogeneous terms of the equation vary rapidly.
Observing this criterion, the numerical scheme is found to perform
extremely well. It is found that solutions for MðzÞ converge with
the use of 30 to 40 nodes for the bar length/radius ratio of l ¼ 50
and the non-dimensional frequency range of 0 6 x 6 0:5.(a)
Fig. 9. Bending moment proﬁle of pile (Ep=EIso ¼ 5000;l ¼ 50Þ for static case (aAs illustrations, the responses of the pile subjected to an applied
unit shear and a unit bending moment at an excitation frequency
of ð x ¼ 0:2Þ are presented separately in Figs. 5–8. All response
quantities are presented in complex notation in which the real
and imaginary parts represent the in-phase and 90 degrees
out-of-phase components, respectively. To survey the effect of(b)
) Under unit bending moment M0 ¼ 1; (b) Under unit shear force V0 ¼ 1.
ab
c
Fig. 10. Normalized compliance function (l ¼ 50; q ¼ 1:7Þ (a) Normalized Chh; (b)
Normalized Chm ¼ Cmh; (c) Normalized Cmm .
a
b
c
Fig. 11. Normalized compliance function (l ¼ 50; q ¼ 1:7Þ (a) Normalized Chh; (b)
Normalized Chm ¼ Cmh; (c) Normalized Cmm .
4090 A. Gharahi et al. / International Journal of Solids and Structures 51 (2014) 4082–4093anisotropy of the embedding medium on the dynamic interaction
problem, several types of hypothetical isotropic (Material 1) and
transversely isotropic materials (Materials 2–7) are chosen. The
material properties are given in Table 1. In deﬁning the materials,
the subsequent restrictions for material constants are checked to
ensure positive deﬁniteness of the strain energy (Payton, 1983).
c11 > c12j j; ðc11 þ c12Þc33 > 2c213; c44 > 0 ð49ÞThe results for the isotropic case (Material 1) are obtained by
the degeneration of a transversely isotropic medium to an isotropic
medium and in order to validate the present solutions, numerical
solutions presented by Pak and Jennings (1987) for the case of iso-
tropic half-space are used for comparison.
(a) (b)
(c)
Fig. 12. Static compliance functions (l ¼ 50Þ.
A. Gharahi et al. / International Journal of Solids and Structures 51 (2014) 4082–4093 4091The values of the pile properties are set to: Ep=EIso ¼ 5000;
l ¼ 50; q ¼ 1:7, where EIso is the Young’s modulus of the isotropic
case (Material 1) and q ¼ qp=q. As indicated in Figs. 5–8, there is
a good agreement between the two solutions, with the present
solution being moderately stiffer because of the use of the uni-
formly-distributed patch-load inﬂuence ﬁeld in the former.
As it is evident from Figs. 5–8, changing the parameters E and G0
in a transversely isotropic half-space makes remarkable effect on
the response of the pile. However, anisotropic parameters such
as Poisson’s ratios (m; m0Þ and Young’s modulus in the x3direction
(E0Þ are found to be of minor importance for the lateral excitations
under consideration. From Figs. 5(a) and 7(a), one can observe that
the real part of the bending moment response increases slightly as
G=G0 increases. Meanwhile, an increase in G=G0 leads to a decrease
in the imaginary part of the bending moment proﬁle. On the other
hand, both real and imaginary parts of the displacement and sloperesponses are lower along the pile embedded in a transversely iso-
tropic half-space with smaller values of G0 (Figs. 5,b 5,c 7,b 7c).
The inﬂuence of parameter E of the transversely isotropic med-
ium on the dynamic response of the pile is also shown in Figs. 6
and 8. It is observed that the larger the value of E=E0, the lower
the response of the pile results in, which is mainly due to increase
of the lateral stiffness of the half-space. In addition, one might
notice that the load transfer along the pile is rapid for higher E=E0
anisotropy ratio. For instance, the peak value of the bending
moment proﬁle under shear loading condition moves upward as
E=E0 is increased (Fig. 6a).
The overall accuracy of the formulation and the numerical
implementation is investigated by comparing with the elastostatic
load transfer case of Pak (1989) for an isotropic half-space. Fig. 9
shows a comparison of present solutions for MðzÞ for the static case
with those reported by Pak (1989) and to reveal the effects of
4092 A. Gharahi et al. / International Journal of Solids and Structures 51 (2014) 4082–4093anisotropy on the static solution, results for two transversely iso-
tropic materials given in Table 1 are also compared in Fig. 9.
On the basis of the presented solution, the coefﬁcients of the
dynamic pile-head compliance matrix which relates the top
response of the pile and the applied loads are also determined. This
coupled relationship which can be expressed as:
uð0Þ
 @u
@z ð0Þ
( )
¼ Chh Chm
Cmh Cmm
  V0
M0
( )
; ð50Þ
is of primary interest in many engineering applications. Normalized
by their corresponding static values the compliance functions
Chh; Chm ¼ Cmh, and Cmm are plotted in Figs. 10 and 11 as a function
of non-dimensional frequency in complex notation for the set of
transversely isotropic materials deﬁned in Table 1. To gain a per-
spective on the quality of the present results, they are also con-
trasted with the existing work for the case of isotropic half-space
by Pak and Jennings (1987). While there is some minor difference
due to their choice of inﬂuences ﬁeld, the overall trends and proﬁles
with respect to frequency of the normalized compliance functions
highly consistent. From the plots, it is evident that the allowance
for anisotropy by changing the ratios G=G0 and E=E0 can observably
affect the normalized compliance values. In each plot in Fig. 10, the
effect of G=G0 on different compliance functions are seen. For
instance, one can ﬁnd that an increase in G=G0 will lead to a reduc-
tion in oscillatory nature of the compliance functions, however, the
frequency, where the peak points occur for the real part of normal-
ized Cmh and Cmm is kept constant. In contrast, from Figs. 11(b) and
(c), one can observe that as E=E0 increases, the maximum of the real
part of Cmh and Cmm arise at higher frequencies. From these ﬁgures
also more dependence on the anisotropy of the medium can be
inferred as the frequency of excitation increases. Furthermore, the
size of resonance peaks can be seen to be generally small for the
normalized compliance function Chh although it does tend to
increase with intensifying anisotropy of the half-space (Figs. 10a
and 11a).
To conﬁrm the validity of the present solution for pile-head
compliances, the functions Chh;Chm ¼ Cmh and Cmm are presented
for the static case for a range of pile-medium modulus ratio in log-
arithmic scales by a degeneration of the dynamic formulation. As
shown in Fig. 12 the solutions for the isotropic material collapse
on those reported by Pak (1989). Two transversely isotropic mate-
rials from Table 1 are also considered to be contrasted with the
existing results.5. Conclusion
In this paper, a theoretical formulation has been presented for
the analysis of the dynamic interaction of a circular cylindrical pile
and a transversely isotropic semi-inﬁnite medium under lateral
excitations. With an analytical displacement inﬂuence function
for a transversely isotropic half-space with a buried source appro-
priate to the planar cross-sectional kinematics of a pile, the model-
ing concept of an extended half-space with a one-dimensional
structural reinforcement has been successfully used to reduce the
three-dimensional mechanical interaction problem to a compact
Fredholm integral equation of the second kind that is amenable
to effective numerical treatments. The solution is compared and
veriﬁed with the existing solutions for the isotropic and static
cases. Selective results are presented to illustrate the characteris-
tics of the mechanical interaction in anisotropic cases. The Young’s
modulus of elasticity in the plane of isotropy and the shear modu-
lus in the normal plane of isotropy have been found to be the most
inﬂuential to the response of a pile under lateral loading.References
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